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ABSTRACT
Conventional gauge-fixing schemes such as Rξ gauges may lead to a violation of the Higgs-
boson low-energy theorem beyond the tree level. To elucidate this fact, we study a simple
model whose U(1) gauge symmetry is spontaneously broken, and show how the Higgs-boson
low-energy theorem can consistently be extended to the gauge and Higgs sectors of the
model. In this formulation, any gauge-fixing condition must comply with the requirement
that it should be independent of the vacuum expectation value of the Higgs field in the
symmetric limit of the theory. We give a diagrammatic proof of the Higgs-boson low-energy
theorem to all orders in perturbation theory, within the context of a judiciously modified Rξ
gauge compatible with the above constraint. The dependence of the kinematic parameters
on the Higgs tadpole is found to be very important for the proof of the theorem.
∗E-mail address: pilaftsi@mppmu.mpg.de
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The Higgs mechanism must be considered as the most natural solution to the problem
of generating the observed masses for the W and Z bosons as well as for the fermions,
e.g., the electron, muon, top quark, etc. Most interestingly, such a mechanism does not
spoil other desirable field-theoretic properties of the quantized action such as unitarity and
renormalizability. The latter is very crucial in order that the theory retains its predictive
power beyond the Born approximation. The Higgs mechanism is based on the spontaneous
symmetry breaking (SSB) of a continuous (gauge) symmetry, and reflects the fact that the
true vacuum of the (Higgs) potential is not rotationally invariant under the continuous
group. Moreover, the SSB of a global or local group such as the Standard Model (SM)
gauge group, SU(2)L⊗U(1)Y , gives rise to a massive scalar particle, known as the Higgs
boson (H), which, however, remains elusive experimentally up to now.
Notwithstanding our poor experimental information, several theoretical issues have
been studied thus far which are closely related to the nature of the Higgs scalar H . In
particular, Higgs interactions respect low-energy theorems [1,2,3,4,5,6,7,8] analogous to
soft-pion theorems in hadron physics. These theorems relate Green functions of two transi-
tions which differ from one another by the insertion of a Higgs boson with zero momentum.
Specifically, the Higgs-boson low-energy theorem (HLET) in its most basic form states that
lim
pH→0
ΓHAB(pH , pA, pB) =
∂
∂v
ΓAB(pA,−pA) , (1)
where all momenta of the generic particles H , A and B are defined as incoming (pH +
pA + pB = 0), and Γ
AB and ΓHAB are the two- and three-point correlation functions for
the transitions A → B and HA → B, respectively.∗ Beyond the tree level, all kinematic
parameters, including the vacuum expectation value (VEV) v of the Higgs field, must be
considered as bare quantities. Furthermore, the explicit dependence of the bare masses
and couplings on the Higgs tadpole should be taken into account on the right-hand-side
(RHS) of Eq. (1). The relevant counter-terms (CT’s) required for renormalization may be
derived from low-order correlation functions, by making use again of the HLET. In this
formulation, the differentiation with respect to v acts on both masses and mass-dependent
couplings. We will illuminate these points while discussing a simple ungauged model whose
U(1) global symmetry is spontaneously broken.
One should now observe that Eq. (1) relates amplitudes of physical on-shell transitions
only when the Higgs boson is assumed to be massless, i.e., p2H = M
2
H = 0. As we shall
see however, the requirement that the Higgs boson should be treated as a massless particle
is not a compelling condition for the validity of the HLET. In fact, off-shell transition
∗ Notice that the HLET in Eq. (1) is written in a more simplified but equivalent form to that given in
the literature. See, e.g., Ref. [5].
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amplitudes may be the sub-amplitudes of high-loop graphs, so imposing the above mass
condition may jeopardize the HLET at high orders. In this paper, we wish to extend
the formulation of the HLET to the gauge and Higgs sectors of a SSB model. Such a
consideration turns out to be highly non-trivial, since conventional gauge-fixing schemes
such as Rξ gauges can invalidate the equality (1) beyond the Born approximation. This is
not very surprising, as the three-point correlation function ΓHAB(0, pA, pB) cannot represent
an on-shell transition for massive Higgs bosons, and is hence a gauge-dependent quantity.
Within the framework of an Abelian Higgs model based on the SSB of the U(1) gauge
symmetry, we will explicitly demonstrate the above problem by means of an example.
Finally, we shall show diagrammatically how the validity of the HLET can be maintained to
all orders of perturbation theory if the gauge-fixing conditions are taken to be independent
of the VEV of the Higgs field in the unbroken limit of the Abelian Higgs model.
We start our discussion by considering an Abelian ungauged model with one complex
scalar (Higgs) field Φ and one fermion f . The Lagrangian of the model is given by
L = (∂µΦ∗)(∂µΦ) + f¯ i6∂f − κf¯LΦfR − κ∗f¯RΦ∗fL + LV , (2)
where LV is the Higgs potential
LV = µ2Φ∗Φ + λ(Φ∗Φ)2 . (3)
The Lagrangian is invariant under the global U(1) transformations:
Φ → eiαΦ , fL → eiαfL , fR → fR . (4)
The parameters µ and λ in Eq. (2) are real numbers, while κ can always be chosen real by
performing an appropriate U(1) redefinition of the left-handed fermion fL. If λ is negative,
the global U(1) symmetry gets spontaneously broken and the complex field Φ acquires
a non-vanishing VEV v. The Higgs field must then be expanded around its VEV, i.e.,
Φ = (v +H + iG)/
√
2. The field H is a massive CP-even scalar particle, the Higgs boson,
whereas G is the massless CP-odd Goldstone boson associated with the SSB of the global
U(1) symmetry. The VEV of Φ may be determined by the minimization condition of the
Higgs potential
∂ LV
∂H
∣∣∣
〈Φ〉
≡ T = v(µ2 + λv2) , (5)
with T = 0 and v 6= 0 at the tree level. Beyond the Born approximation, the tadpole
condition T must be adjusted in such a way such that the tadpole contribution to the
Higgs boson which shifts the true vacuum must cancel. It is therefore important to keep
the explicit dependence of the kinematic parameters on T . Here, we should also stress that
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T must be treated as bare quantity whose renormalized value is zero. Finally, we remark
that ∂LV /∂G|〈Φ〉 = 0 which is merely a manifestation of the fact that G represents the true
Goldstone boson of the theory.
The bare parameters µ0, λ0, v0 and T , denoted by the superscript ‘0’, are not all
independent of each other. It proves more convenient to express the Lagrangian (2) in
terms of µ0, v0 and T , i.e.,
λ0 = − 1
(v0)2
[
(µ0)2 − T
v0
]
. (6)
After the SSB of the U(1) symmetry, the bare Lagrangian may be expressed as
L0 = L0kin + L0Y + L0V , (7)
where
L0kin =
1
2
(∂µH
0)(∂µH0) +
1
2
(∂µG
0)(∂µG0) + f¯ 0 i6∂f 0 , (8)
L0Y = −
κ0v0√
2
f¯ 0
(
1 +
H0
v0
+ iγ5
G0
v0
)
f 0 , (9)
L0V = TH0 +
T
2v0
(G0)2 +
1
2
[
− 2(µ0)2 + 3T
v0
]
(H0)2
+
1
2v0
[
− 2(µ0)2 + 2T
v0
]
H0[(H0)2 + (G0)2]
+
1
8(v0)2
[
− 2(µ0)2 + 2T
v0
]
[(H0)2 + (G0)2]2 . (10)
Evidently, the Higgs mechanism gives rise to a massive fermion f with m0f = (κ
0v0)/
√
2
and a massive Higgs scalar with (M0H)
2 = 2(µ0)2 − 3T/v0. The Goldstone boson acquires
the squared mass (M0G)
2 = −T/v0 proportional to the tadpole parameter T and so vanishes
after renormalization to all orders, as it should on account of the Goldstone theorem.
At this point, it is important to notice that the bare parameters µ0, λ0 and κ0 which
occur in the symmetric formulation of the U(1) model are completely independent of the
tadpole condition T . Instead, the bare VEV v0 depends implicitly on T through the relation
(5). At one loop, for example, the VEV may be given by
v0 = v + δv =
(
− (µ
0)2
λ0
)1/2 − T
M2H
, (11)
with M2H and v denoting renormalized quantities. Thus, the VEV CT δv induces a con-
tribution of the tadpole parameter T to the Higgs and fermion self-energies through the
second term on the RHS of Eq. (11).
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For notational simplicity, we drop the superscript ‘0’ in the definition of bare param-
eters in the following, unless it is explicitly stated otherwise. The Feynman rules of our
ungauged U(1) model are displayed in Fig. 1. Even though T as well as MG is zero at
the tree level, this needs not to be true for their derivatives with respect to v. For the
same exactly reasons, we must keep the full dependence of the bare kinematic parameters
on T , when calculating the RHS of the HLET in Eq. (1). In fact, we have the following
elementary identities:
∂
∂v
mf =
mf
v
≡ −ΓHff0 ,
∂
∂v
M2H =
3
v
(M2H −M2G) ≡ −ΓHHH0 ,
∂
∂v
T = µ2 + 3λv2 ≡ −M2H ,
∂
∂v
M2G =
1
v
(M2H −M2G) ≡ −ΓHGG0 , (12)
∂
∂v
ΓHHH0 = Γ
HHHH
0 ,
∂
∂v
ΓHGG0 = Γ
HHGG
0 ,
∂
∂v
ΓHff0 =
∂
∂v
ΓGff0 =
∂
∂v
ΓHHHH0 =
∂
∂v
ΓHHGG0 =
∂
∂v
ΓGGGG0 = 0 , (13)
where the tree-level interaction vertices ΓHff0 , Γ
HHH
0 , Γ
HGG
0 , etc., may be read off from
Fig. 1. Note that all the above tree-level identities in Eqs. (12) and (13) are in complete
accordance with the HLET. The very same identities play an important role to extend
diagrammatically the proof of the HLET to higher orders. To this end, one must also
observe how an insertion of a zero-momentum Higgs boson occurs when one differentiates
the bare f , H and G propagators with respect to v, i.e.,
∂
∂v
iSf ( 6p) = iSf ( 6p) iΓHff0 iSf ( 6p) ,
∂
∂v
i∆H(p) = i∆H(p) iΓ
HHH
0 i∆H(p) ,
∂
∂v
iDG(p) = iDG(p) iΓ
HGG
0 iDG(p) , (14)
where Sf = ( 6p−mf )−1, ∆H(p) = (p2 −M2H)−1 and DG(p) = (p2 −M2G)−1. Eqs. (13) and
(14) are sufficient to warranty the validity of the HLET to all orders in perturbation theory.
Especially, with the help of these equations, we can also understand how the v-derivative
acts on a high-order self-energy graph, ΠAA, with A = f,H,G. Note that the CP-violating
HG mixing is completely absent in the CP-invariant U(1) model under discussion.
For illustration, we give an one-loop example which will help us to demonstrate ex-
plicitly how one can inductively show the HLET to higher orders. Let us consider the
transition amplitude G(p)→ G(p) to one-loop
ΓGG(p,−p) = p2 − M2G + ΠGG(p) . (15)
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The unrenormalized G self-energy ΠGG(p) may be decomposed into two terms: one depend-
ing on the fermion f , ΠGG(f) (p), and one containing purely bosonic contributions, Π
GG
(b) (p).
Their explicit analytic form may be obtained by
ΠGG(f) (p) = (−1)×
∫
dnk
(2π)ni
Tr
[
iΓGff0 iSf ( 6k) iΓGff0 iSf ( 6k− 6p)
]
, (16)
ΠGG(b) (p) =
∫
dnk
(2π)ni
[
(iΓHGG0 )
2 iDG(k) i∆H(k − p) + 1
2
iΓHHGG0 iDG(k)
+
1
2
iΓHHHH0 i∆H(k)
]
, (17)
where the loop integrals must be evaluated in n = 4 − 2ε dimensions. One should bear
in mind that ΠGG(p) represents one-particle irreducible (1PI) one-loop amplitude, while
tadpole contributions, denoted as ΓH(0), enter via MG. In fact, we have M
2
G = −T/v, and
T may be derived by the condition
T + ΓH = 0 ,
T(f) = −(−1)×
∫ dnk
(2π)ni
Tr
[
iΓHff0 iSf( 6k)
]
, (18)
T(b) = − 1
2
∫ dnk
(2π)ni
[
iΓHGG0 iDG(k) + iΓ
HHH
0 i∆H(k)
]
, (19)
where T has also been written as a sum of fermionic and bosonic contributions. It is a
matter of simple algebra to prove that the Goldstone boson G remains massless to one-loop
after including the tadpole graphs. Indeed, we find that
M2G − ΠGG(0) = −T/v − ΠGG(0) = 0 , (20)
in agreement with the Goldstone theorem. If we now differentiate ΓGG(p,−p) with respect
to the VEV v and use the elementary identities in Eqs. (12)–(14), it is then straightforward
to obtain
∂
∂v
ΓGG(p,−p) = ΓHGG0 + ΓHGG1 (0, p,−p) , (21)
where ΓHGG1 = Γ
HGG
1(f) + Γ
HGG
1(b) with
ΓHGG1(f) (0, p,−p) = (−1)×
∫
dnk
(2π)ni
Tr
[
iΓGff0 iSf( 6k) iΓHff0 iSf( 6k) iΓGff0 iSf ( 6k− 6p)
+ iΓGff0 iSf( 6k) iΓGff0 iSf( 6k− 6p) iΓHff0 iSf ( 6k− 6p)
]
, (22)
ΓHGG1(b) (0, p,−p) =
∫ dnk
(2π)ni
[
2(iΓHGG0 ) iDG(k) i∆H(k − p)
+ (iΓHGG0 )
2 iDG(k) iΓ
HGG
0 iDG(k) i∆H(k − p)
+ (iΓHGG0 )
2 iDG(k) i∆H(k − p) iΓHHH0 i∆H(k − p)
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+
1
2
iΓHHGG0 iDG(k) iΓ
HGG
0 iDG(k)
+
1
2
iΓHHHH0 i∆H(k) iΓ
HHH
0 i∆H(k)
]
. (23)
Evidently, ΓHGG1 (0, p,−p) is the unrenormalized 1PI one-loopHGG coupling evaluated with
vanishing Higgs-boson momentum. As a consequence, Eq. (21) proves the validity of the
HLET when applied to the G-boson vacuum polarization. Apart from the H and G wave-
function renormalization constants which should be taken into account in the calculation of
physical matrix elements and as usual must be supplied by hand, all other CT’s relevant for
the renormalization of the one-loop HGG vertex are entirely contained in ΓHGG0 , namely,
in the lower-order (tree-level) correlation function.
The HLET can be applied equally well to three-, four-, and all higher n- point cor-
relation functions at one loop, and checked for its validity in an exactly similar manner.
The proof of the HLET can inductively be carried over to all orders. Specifically, the one-
loop amplitudes will be the sub-amplitudes of two-loop graphs and satisfy relations very
analogous to Eqs. (12) and (13), where the tree-level correlation functions are replaced by
their one-loop counterparts. With the help of the newly obtained identities, the two-loop
amplitudes can be shown to respect the HLET by performing a diagrammatic analysis very
similar to the one-loop case. Then, the two-loop amplitudes obeying analogous identities
to Eqs. (12) and (13) will be the sub-amplitudes of three-loop graphs and so on.
Our next consideration is to promote the above global U(1) symmetry of the SSB
model to a local symmetry, and discuss the consequences of the gauge-fixing and the so-
induced ghost terms on Eq. (1). Before the SSB, the gauge-invariant part of the Lagrangian
reads:
Linv = −1
4
FµνF
µν + (DµΦ)
∗(DµΦ) + f¯L i 6DfL + f¯R i6∂fR + LY + LV , (24)
where Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ − igAµŶ /2, and g and Ŷ are the coupling constant
and the hypercharge generating operator of the local U(1)Y group, respectively. To avoid
the Adler-Bell-Jackiw (ABJ) anomaly [9], one has to introduce two fermions at least with
opposite hypercharges, i.e., f = (f1, f2). To be precise, the hypercharge quantum numbers
of the different fields are YΦ = 1, Y1L = 1 for f1L, Y2L = −1 for f2L, and Y1R = Y2R = 0 for
f1R and f2R. Consequently, under the local U(1)Y group, the fields transform as follows:
Φ→ exp
[
i
YΦ
2
θ(x)
]
Φ , f → exp
[
i
Yf
2
θ(x)
]
f , Aµ → Aµ + 1
g
∂µθ(x) . (25)
Furthermore, the Lagrangian part of the Higgs potential LV is identical to that given in
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Eq. (3), while the Yukawa sector takes on the form
LY = − f¯L

 κ1Φ 0
0 κ2Φ
∗

 fR + H.c., (26)
where the Yukawa couplings κ1 and κ2 can be taken to be real numbers, i.e., we assume
absence of mixing between the two fermions.
To remove the unphysical degrees of freedom from the gauge field, one has to break
the continuous U(1)Y gauge symmetry by introducing gauge-fixing (GF) and Fadeev-Popov
(FP) ghost terms, denoted as LGF and LFP, respectively. Then, the quantized Lagrangian
L = Linv + LGF + LFP is invariant under Becchi-Rouet-Stora (BRS) transformations [10].
For reasons that will become more obvious later on, we adopt the Rξ-type GF condition
F (x) = ∂µA
µ +
g
2
ξℑm(Φ2) , (27)
whence the GF Lagrangian reads:
LGF = − 1
2ξ
[
∂µA
µ +
g
2
ξℑm(Φ2)
]2
, (28)
where ξ is the gauge-fixing parameter (GFP). Imposing BRS invariance on the Lagrangian
gives rise to FP ghost interactions which are obtained by
LFP = − g c¯ δF
δθ
c = −c¯
[
∂µ∂
µ +
g2
2
ξℜe(Φ2)
]
c , (29)
where c and c¯ are complex FP scalars. As usual, the variation of the GF condition F (x)
in Eq. (29) is taken over the local gauge transformations of Φ and Aµ in Eq. (25).
After the SSB of the Higgs potential LV , the field Φ must be expanded around its
VEV v, in exactly the same way we did for the ungauged scalar model discussed above.
Note that the minimization condition T in Eq. (5) is entirely determined from LV , and one
should not include explicit U(1)Y breaking terms from the unphysical sector LGF, which
is designed so as to cancel the unphysical degrees of freedom of the gauge field Aµ in Linv.
The Higgs mechanism gives rise to a massive gauge field Aµ withMA = (gv)/2, two massive
fermions f1 and f2 with m1 = (κ1v)/
√
2 and m2 = (κ2v)/
√
2, and the Higgs boson with a
mass equal to that found in the ungauged scalar model. The would-be Goldstone boson G
is eaten by the longitudinal degree of the gauge boson Aµ, and is therefore unphysical; its
mass is GFP dependent, and it decouples from S-matrix elements. The free propagators of
the gauge boson, the would-be Goldstone boson and the ghost field are respectively given
by
∆µνA (p) = U
µν(p) − p
µpν
M2A
Dc(p) ; U
µν(p) =
(
− gµν + p
µpν
M2A
)
(p2 − M2A)−1 , (30)
DG(p) = (p
2 − ξM2A − M2G)−1 , (31)
Dc(p) = (p
2 − ξM2A)−1 , (32)
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with M2G = −T/v. The fermion and Higgs propagators are not modified by considering
the gauged version of the U(1) scalar model. The remaining Feynman rules are shown in
Fig. 2. In the Rξ-type gauge considered here, GAµ mixing is absent at the tree level. In
contrast to the conventional Rξ gauge, generated by the condition
FRξ(x) = ∂µA
µ + ξ MAG , (33)
new Feynman rules occur in the gauge defined in Eq. (27) which are very crucial for
maintaining the HLET through all orders as we shall see below.
From Eqs. (31) and (32), it is worth noticing that the bare Goldstone and ghost
propagators are different in this formulation; they differ by the term M2G. The latter term
is very important since the variation of the G and c propagators with respect to v is also
different and in complete agreement with Eq. (1). More explicitly, we find for the inverse
Aµ, G, and c propagators that
∂
∂v
∆−1Aµν(p) = gµν gMA ≡ ΓHAA0µν , (34)
∂
∂v
D−1G (p) = −
g
2MA
(M2H −M2G + 2ξM2A) ≡ ΓHGG0 , (35)
∂
∂v
D−1c (p) = − g ξMA ≡ ΓHc¯c0 . (36)
We can also derive a wealth of elementary identities very analogous to Eqs. (12) and (13)
which obey Eq. (1). It is now interesting to see how the HLET ceases to hold in the
conventional Rξ gauge at the one-loop level. The gauge-fixing condition FRξ leads to a
GFP-independent HGG coupling equal to −g2M2H/(2MA) which violates explicitly Eq.
(35). Also, Eq. (36) does not respect Eq. (1) in the usual Rξ gauge, since the Hc¯c coupling
turns out to be short by a factor of two in that gauge. Nevertheless, Eq. (1) is satisfied from
both the gauge-fixing schemes mentioned above for the gauge propagator and all couplings
involving physical particles at the tree level. Beyond the Born approximation, even the
latter correlation functions will not respect the HLET, since the tree-level HGG and/or
Hc¯c vertices will be the sub-amplitudes of one-loop graphs.
It is now obvious that the actual reason for the above failure of the HLET resides in
the choice of the gauge-fixing condition F and its dependence on the VEV v of the field Φ.
In order that F be compatible with the HLET, it should not depend on v when considering
the unbroken limit of the gauge theory, i.e., it should satisfy the condition
∂
∂v
F (x) = 0 , (37)
where all Higgs fields are expressed in terms of the unbroken fields Φ and Φ∗ as well as
linear combinations of them. Clearly, the gauge-fixing condition in Eq. (27) satisfies this
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very last criterion, whereas the conventional Rξ gauge,
FRξ(x) = ∂µA
µ +
gv√
2
ξℑm(Φ) , (38)
does not, viz., ∂FRξ/∂v = g ξℑm(Φ)/
√
2 6= 0. One may now be tempted to draw interesting
comparisons between the known Ward identities (WI’s) in quantum electrodynamics (QED)
and the HLET stated in Eq. (1). In QED, WI’s may be derived by the minimal substitution,
∂µ → ∂µ − ieAµ, of the four-momentum operator ∂µ. By analogy, the HLET may be
obtained by the invariance of the quantized Lagrangian in the broken phase under the
subsequent “minimal” shifts H → H − v and v → v + H and vice versa. Obviously, FRξ
does not possess the latter translational symmetry.
It is now rather instructive to analyze an one-loop example within the U(1)Y gauge
model. For this purpose, we consider the transition amplitude Aµ(p)→ Aν(p), given by
ΓAAµν (p,−p) = tµνΓAAT (p) + ℓµνΓAAL (p) , (39)
with tµν = −gµν + pµpν/p2 and ℓµν = pµpν/p2, and
ΓAAT (p) = p
2 − M2A + ΠAAT (p) , (40)
ΓAAL (p) =
1
ξ
p2 − M2A + ΠAAL (p) . (41)
In Eqs. (40) and (41), ΠAAT (p) and Π
AA
L (p) are the transverse and longitudinal components
of the A vacuum polarization, i.e.,
ΠAAµν (p) = tµνΠ
AA
T (p) + ℓµνΠ
AA
L (p) . (42)
In the calculation of ΠAAµν (p), we will omit fermionic loops since they can easily be shown to
satisfy Eq. (1) very similar to the ungauged scalar model. The 1PI one-loop gauge-boson
self-energy is then written
ΠAAµν (p) =
∫ dnk
(2π)ni
[
iΓHAA0µλ i∆
λρ
A (k) iΓ
HAA
0ρν i∆H(p+ k) + iΓ
HAG
0µ iDG(k) iΓ
HAG
0ν i∆H(p+ k)
+
1
2
iΓHHAA0µν i∆H(k) +
1
2
iΓGGAA0µν iDG(k)
]
. (43)
Employing elementary identities analogous to Eqs. (12)–(14) and (34)–(36), it is not difficult
to calculate the derivative of ΓAAµν (p) with respect to v. In this way, we obtain
∂
∂v
ΓAAµν (p,−p) = ΓHAA0µν + ΓHAA1µν (0, p,−p) − δµν(p) , (44)
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where
ΓHAA1µν (0, p,−p) − δµν(p) =
∫
dnk
(2π)ni
[
iΓHHAA0µλ i∆
λρ
A (k) iΓ
HAA
0ρν i∆H(p+ k)
+ iΓHAA0µλ i∆
λρ
A (k) iΓ
HHAA
0ρν i∆H(p+ k)
+ iΓHAA0µλ i∆
λσ
A (k) Γ
HAA
0στ i∆
τρ
A (k) iΓ
HAA
0ρν i∆H(p+ k)
+ iΓHAA0µλ i∆
λρ
A (k) iΓ
HAA
0ρν i∆H(p+ k) iΓ
HHH
0 i∆H(p+ k)
+ iΓHAG0µ iDG(k) iΓ
HGG
0 iDG(k) iΓ
HAG
0ν i∆H(p+ k)
+ iΓHAG0µ iDG(k) iΓ
HAG
0ν i∆H(p+ k) iΓ
HHH
0 i∆H(p+ k)
+
1
2
(
iΓHHAA0µν i∆H(k) iΓ
HHH
0 i∆H(k) + iΓ
GGAA
0µν iDG(k) iΓ
HGG
0 iDG(k)
) ]
(45)
and
δµν(p) =
∫
dnk
(2π)ni
[
iΓHAA0µλ i∆
λρ
A (k) iΓ
HAG
0ρ iDG(k) iΓ
HAG
0ν i∆H(p+ k)
+ iΓHAG0µ iDG(k) iΓ
HAG
0ρ i∆
ρλ
A (k) iΓ
HAA
0λν i∆H(p+ k)
]
. (46)
In Eq. (44), ΓHAA1µν (0, p,−p) stands for the unrenormalized 1PI one-loop HAA coupling
evaluated with zero Higgs-boson momentum, i.e., pH = 0. The expression δµν(p) quantifies
the would-be deviation from the HLET. However, δµν(p) vanishes identically in the limit
pH → 0 since it is proportional to ΓHAG0ρ = gpHρ. In the usual Rξ gauge, the situation is
different since the HAG coupling also depends on the Goldstone-boson momentum. As
a result, one finds that in the latter gauge δµν 6= 0 which explicitly breaks the HLET. In
addition, we note that the lower-order correlation (tree-level) function ΓHAA0µν in Eq. (44)
provides the necessary CT’s for the renormalization of the one-loopHAA vertex. As before,
the wave-function renormalizations of the external particles, e.g., ZH and ZA, should also
be taken into account.
The proof of the HLET in the U(1)Y gauge model with SSB may now be extended by
induction to all orders. By making use of a diagrammatic analysis similar to that outlined
above for the ungauged U(1) model, one can show that the one-loop correlation functions
satisfy identities analogous to their tree-level counterparts in complete accordance with
the HLET. Then, the one-loop correlation functions will constitute the sub-amplitudes of
two-loop graphs, giving rise to identities which in turn obey the HLET and so on.
In summary, we have explicitly demonstrated that the tadpole condition T plays a
significant role in extending the validity of the HLET, stated in Eq. (1), to the gauge
and Higgs sectors of a SSB model such as the Abelian Higgs model studied here. In this
formulation, it is important to know how all particle masses and mass-dependent couplings
vary under an infinitesimal shift of the Higgs VEV v or equivalently how they depend on
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T . In gauge theories with SSB, there is the additional problem that naive gauge-fixing
conditions F may lead to a violation of the HLET, i.e., gauge-dependent terms violate
Eq. (1). As has been shown, F must be independent on v in the unbroken limit of the
theory in order that the equality Eq. (1) holds to higher orders. Finally, it is interesting to
comment on other gauge-fixing schemes, such as the background field method (BFM) [11],
and on diagrammatic approaches based on the pinch technique (PT) [12]. In the BFM,
gauge transformations of the background fields respect the local symmetries of the gauge-
invariant part of the classical action. Furthermore, it is known that BFM fields, including
the BFM Higgs boson, appear only at the external legs of n-point correlation functions.
Since the BFM gauge-fixing condition is compatible with the requirement in Eq. (37), the
validity of the HLET is expected. The very same property shares the n-point correlation
functions evaluated by the PT.∗ The main difference as well as advantage of the PT over
other gauge-fixing schemes is the fact that the constraint (37) on F ’s is no longer needed as
soon as the pinching contributions are properly taken into consideration in the calculation
of the effective PT one-loop functions. Detailed study of the latter may be given elsewhere.
The HLET reflects the underlying gauge symmetry of the theory after the latter is
spontaneously broken by the Higgs mechanism. As a consequence of the theorem, the
interactions of the particles with the Higgs boson are closely related to their observed
masses. This constitutes a fundamental property distinguishing the Higgs nature of a
fundamental scalar from other particles, which will extensively be probed at the CERN
Large Hadron Collider.
Acknowledgements. I wish to thank Bernd Kniehl for helpful discussions and remarks.
∗Explicit calculations testing the HLET in the PT may be found in Ref. [7].
12
References
[1] J. Ellis, M.K. Gaillard and D.V. Nanopoulos, Nucl. Phys. B106 (1976) 292.
[2] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Phys. Lett. 78B (1978) 443.
[3] A.I. Vainshtein, M.B. Voloshin, V.I. Zakharov and M.A. Shifman, Yad. Fiz. 30 (1979)
1368 [Sov. J. Nucl. Phys. 30 (1979) 711].
[4] A.I. Vainshtein, V.I. Zakharov and M.A. Shifman, Usp. Fiz. Nauk 131 (1980) 537
[Sov. Phys. Usp. 23 (1980) 429]; M.B. Voloshin, Yad. Fiz. 44 (1986) 1368 [Sov. J.
Nucl. Phys. 44 (1986) 478]; M.A. Shifman, Usp. Fiz. Nauk 157 (1989) 561 [Sov. Phys.
Usp. 32 (1989) 289].
[5] S. Dawson and H.E. Haber, Int. J. Mod. Phys. A7 (1992) 107.
[6] J.F. Gunion, H.E. Haber, G. Kane and S. Dawson, “The Higgs Hunter’s Guide”
(Addison-Wesley, Redwood City, 1990).
[7] B.A. Kniehl and M. Spira, Z. Phys. C69 (1995) 77.
[8] K.G. Chetyrkin, B.A. Kniehl and M. Steinhauser, MPI preprint, MPI/PhT/97-041
(hep-ph/9708255).
[9] S.L. Adler, Phys. Rev. 117 (1969) 2426; J.S. Bell and R. Jackiw, Nuovo Cimento 60A
(1969) 47.
[10] C. Becchi, A. Rouet and R. Stora, Commun. Math. Phys. 42 (1975) 127; Ann. Phys.
(NY) 98 (1976) 287.
[11] B.S. DeWitt, Phys. Rev. 162 (1967) 1195; G. ’t Hooft, in Acta Universitatis Wratis-
lvensis no. 38, 12th Winter School of Theoretical Physics in Kapacz, Functional and
probabilistic methods in quantum field theory vol. I (1975); G.A. Vilkovisky, Nucl.
Phys. B234 (1984) 125; see also, A. Rebhan, Nucl. Phys. B288 (1987) 832, and
references therein.
[12] J.M. Cornwall, Phys. Rev. D26, 1453 (1982); J. Papavassiliou, Phys. Rev. D41, 3179
(1990); G. Degrassi and A. Sirlin, Phys. Rev. D46 (1992) 3104; J. Papavassiliou and
A. Pilaftsis, Phys. Rev. Lett. 75 (1995) 3060.
13
Figure captions
Fig. 1: Feynman rules for the ungauged Abelian Higgs model.
Fig. 2: Feynman rules pertaining to the U(1)Y gauge model with SSB.
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